UNCLASSIFIED

ARMED SERVICES TECHNICAL INFORMATION AGENCY
ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

UNCLASSIFIED




NOTICE: When government or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U, S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; azd the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the said drawings, specifications, or other
data is not to be regarded by implication or other-
wise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.



&3-2-3

TECHNICAL RESEARCH GROUP

2 AERIAL WAY o SYOSSET, NEW YORK



REPORT NO.
TRG~153-SR-1

Submitted by:

TRG, Incorporated
2 Aerial Vay
Syosset, New York

LINEARIZED THEORY OF THE UNSTEADY MOTION

OF A PARTIALLY CAVITATED HYDROFOIL

Prepared under Contract Nonr 3434(00),
Sponsored under the Bureau of Ships
Fundamental Hydromechanics Research Program,
Project $-4009 01 01,
technically administered by
the David Taylor Model Basin

‘Author: W Approved: #_m
Herbert St:einbu@‘ ack Kotik

Submitted to:

Commanding Officer and Direc
-David Taylor Model Basin
. Washington 7, D.C. -

Reproduction in whole or in part is permitted
for any purpose of the United States Goverment.

March 1962

TECHNICAL RESEARCH GROUP



TABLE OF CONTENTS

Page
List of Figures ==-=-eeececemceweceamcea- —mmm——- LI L LR ii
Acknowledgement e=-cececccccancccnnccncenrccccnecncrencnrenan iii
AbStract =erermeccccnccnmcncccncs e e c s cd e c e iv
.Nomenclature ~==ececcancnnacacnecancanciccnarnnanrcrncannen=" v
INTRODUCTION ====snamesensensoscase--—---m-—--——-————————— 1
GENERAL STATEMENT OF PROBLEM =-s==-c-=sosceccaccacaccomoanas - 4
STEADY STATE SOLUTION ===e==s=seccecncmccceaaae= mmdmmmmeenan- 9
UNSTEADY CASE ===ee=cnccrccccnccccccancccenccccencnncamennaes 13
THE FORCE AND MOMENT ON THE HYDROFOIL (UNSTEADY CASE) ====-=- 25
NUMERICAL ANALYSIS FOR UNSTEADY SOLUTION ===eesewecesceacseee== 30
APPENDIX I - ¥y, B3, ¥, B, -==---s=-sessssccsmeccmcecoeecnce 36
APPENDIX II - In(a), Jn(a)---------------------------------- 64
APPENDIX III - Steady State Integrals =~====-- enemeen- wam= §7
APPENDIX IV - Condition (4) Integrals --=-=~=--- wemesmmaroceo- 68
APPENDIX V - Force and Moment Terms ==---===ce--eccecmccccea- 75
APPENDIX VI - 9, f,, <o » So& Tabulated -----c-c-on-mcoee 94
BIBLIOGRAPHY ==-=-~- LT T 100

TECHNICAL RESEARCH G6ROUP



LIST OF FIGURES

ii
TECHNICAL RESEARCH GROUP .



ACKNOWLEDGEMENT

Aélmowledgements are due to Professor Samuel Karp
for his assistance in clarifying the procedure for the
development of these results, to Messrs. Edward Grenning,
Edward Friedman, and Jacques Bresse for checking the calculations,
and to Mrs, Thelma Bourne for typing the. report,

iii

TECHNICAL RESEARCH -GROUP



e e w ew - - -

ABSTRACT

A linearized theory for the unsteady motion of a
partially cavitated flat hydrofoil in two dimensions is carried
out. A.uecond linearization procedure is ¢sed, based on ideas

’J of Iimman and Guerst, to obtain the unsteady pressure disttiﬁu-
tion around the hydrofoil and the resulting force and moment,
Qs functions of the cavitation number and Strouhal number

for given pitch and/or heave.

-
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M(t)
B(t)

NOMENCLATURE

normalized pressure (or acceleration potential) =

EE:B , where p is the actual pressure and d is the density
normalized cavity pressure (cavitation number = cl% U2)
Green's function for regulaf term for pressure

one-half the length of the hydrofoil

position of the rear end of the cavity (assuming hydrofoil

between -f and £)

B
velocity potential

free stream velocity

oscillation frequency
%# (reduced frequency)

slope of hydrofoil
y intercept of hydrofoil
force perpendicular to hydrofoil

moment on hydrofoil

v
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HYDROELASTIC EFFECTS OF UNSTEADY MOTION
“OF A HYDROFOIL

1. INTRODUCTION

In order to analyze the hydroelastic effects of
unsteady motion of a hydrofoil it is necessary to determine
the pressure distribution on the hydrofoil. The problem of
particular concern here is that of a partially cavitated hydro-
foil, expériencing simple harmonic oscillations in vertical
position (heaving) or angle of attack (pitching).

—In ordef to. solve this problém, it is-first
necessary to determine the flow pattern around the oscillating
hydrofoil. Furthermore, in order to produce a solution relatively
quickly, it is desirable to make certain simplifying assumptions.
First a two-dimensional flow pattern will be assumed, i.e., the
hydrofoil will be assumed to have infinite .span. Secondl&, the
fluid will be assumed infinite in all directions. Third, thickness
effects and initially, camber effects will be neglected. Moreover,
the angle of attack Qill be assumed sufficiently small that
linearized theory may be used. Finally, the unsteady motion
will be assumed to consist of small oscillations around a steady

motion so that a “second linearization" wmay be made. Therefore, -

TECHNICAL RESEARCH GROUP



the flow pattern is assumed to fluctuate at the same frequency as
the hydrofoil oscillation, i.e., higher harmonics are neglected.
Timman [3] has made an attempt at solving this problem.
In his work the assumptions made to coﬁplete the definitidn of the
prqblem have consequences which_are physically unacceptable.
Guerst [1] has formulated the problem in such a way that this contra-
diction is resolved. However, he has not carried through the problem .
to any extent. In our treatment, Timnnn's analytical machine%? is
used throughout, but the physic§1 assuyptions used to determine
the unique solution are those of Guerst. Although Guerst's set
of conditions is not beyond question we felt it is the best
possiﬂle in ;he light of present knoﬁledge. - o
To solve this problem, it was first necessary to obtain

a s;eady state golution by Timman's method. This was dome, and
the result compared to that of Guexst [2) Preliminary calculatioms
indicate complete agreement, except. for discrepancies which can
be attributed to numerical inaccuracieg (of less than 1%) in
Guerst's calculations. Timman's approacﬁ, as developed ﬂeze,
gives much simpler closed-form exéressions for the pressure and
velocity pétentials than Guerst was able to obtain.

| The next step in solving this problem was to develop

an explicit mathematical representation for the physical assumétions
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made, This was done, and resulted in six simultaneous linear
equations, involving six unknowns. The coefficients are functions
of reduced frequency and cavity length. Some of them are defined
by integrals which must be evaluated numerically, To do this a
program is being written for the IBM 7090, which will compute
these integrals as functions of the two parameters, The expressions
for pressure and velocity are simple combinations of these
coefficients and elementary functions,(see Section 4)

Finally the 1ift and moment of the hydrofoil were

calculated as linear functions of the above mentioned coefficients.

g P s -y
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2. GENERAL STATEMENT OF PROBLEM

Timman has derived the general expression for the acceleration

potential ¢ to be:

¢ =0 - JL-I £(x',t)G(x',0,x,y)dx' + c,0.4c,¢
1'1"7272

wetted

gurface

{see Figure 1).
In this expression'c1 and c, are functions of time which are
determined, together with the position of the rear end of the cavity,

by additional conditions given by the physical model used.

If hi{x,t) = profile of hydrofoil
then w(x,t) = ht+Uhx
and £{x,t) = wti-ka

For a flat plate, the above integration may be done explicitly. (See

Appendix I).

Let h = M{t)x +B{t)
Then w = M'x +B! + MU
and £ = M*x +B" 4+ 2M'U
Therefore
. 2 4 L iR .

M. (B" +2M'U), Cyo €o are functions of t only. Fk’ Ok are harmonic
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functions of x and y in the plane slit along the hydrofoil.

tee g | JIE -,

L+ 2

where z = x + iy
and { = 8 + i
24 = length of hydrofoil

¢ = x-coordinate of rear end of cavity

L -c
2 +c

Fio 0 (see Figure 1) are harmonic and rational functions of ¢ and 7
orly, and are time dependent only through o.

The solution of the general problem requires specifying
three conditions to determine the three parameters €1s C9» and ca.

There are four conditions which may be used:

Boundary conditions (general)
(1) ¢(>) = 0

(2) !y = w(x,t) on wetted surface, where ¥ = the velocity potential.

(3) h(c,t) - h(-¢,t) = % fc !y(x',0+,t - -c—fﬁ’-‘-'-)dx' (closure)

)/

(4) ¥ (x,0+,t:) = !y(x,O',t), x> 2 (continuity of vertical
y component of velocity)
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Conditions (1) and (2) seem quite satisfactory on physical
and mathematical grounds, so that the choice lies between (3) and (4).
For the steady state problem (4) is automatically satisfied so that
(3) 1s the only condition left. However in the unsteady problem,
the physics of the problem seem to us more reasonable if (4) is used
rather than (3). This is the view of Guerst, Wu and others, and this
approach is used here. d

Using condition (1), and following Timman, we write

1 X 4 xex!
? -5 j-:+k§1 et -=g—) ¢, (&,n)dx’

wherxre

ey = I'ZH", c3-l(B"+2M'U), 9, =F,, ¢, =F,

1 X 4 1 X 4
But
W W 1w (v =t - KX
V' " 3! "&' U Sa ar ® v = U
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Therefore

4 .
U!y {kzl c (t)wk(xn}':“(t))'u dt f k(‘l’)#’k(x' ,y,a.('r)dx'}

The harmonic functions are listed in Appendix VI, Table I
where those with subscripts 1 and 2 were derived by Timman and those

with subscripts 3 and 4 are calculated in Appendix I.
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3. STEADY STATE SOLUTION

Since c3-c4-0, we have
B, =5 (cy¥; + So¥p)
Ty U M1 T T2F2

The boundary conditions become (1, 2, 3)

clA
(1) = -c2A+‘a-0
‘ a4l
2 4B
(2) MU” + + czn =0 (8 = 0 on wetted surface)

v a!+1
c c

) VM) = [ (g LBy, [ (-Bax,

-4 N+ Ja2+1 -4

whére A and B are defined in Appendix VI.

If we substitute (2) in (3) we find

c
3" c, —fﬁ—zdxa,c J 8dx =0
lf-z N +¢ 2']1
2 2

Since x = £ l:“z.ﬂ)j.

1+(&"+a)

and n = 0 on the cavity,
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(3') is replaced by

dx ~, dx
a—e-dg-o-cz joga-e-dg.o

mh—-

¢, [
1%

or

f ——‘—"Lfdg-c-czf _ﬁ_u_ﬂz_dg_o
° [1+(e 2)2)- © [1+(e 2,32

The integrals are evaluated in Appendix III and we obtain:

(3% (/az+1 + 20) + ( Ja2+1_) c, = 0

o +1

The solution of (1), (2), and (3%*) is as follows:

Lot 2u’M
o
Consider the equation y3 ~-y+p=0
1,1
Then o=§(;-y)
-2 L e __f
cy ,,(y+y)§ﬁ)7 2y )
g (L—
c, =35 ( + J2y
2
4 2
Pt /a7 - P 2 _ 4
Let A= 5 » 0<p <37
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11.

3, _1

Then y=A '3?.7-3-

The only allowed roots are those which give po-:l.t:i.v; y. In general
1 ,
there arc‘ two solutions Y10 V2 wheze -/-5- 27 2 0 and
1> Yy 2 L . The only solution which is physically meaningful
3
(see [2]) 1s given by Yy

Special Cases:

1) p2 - 2’-‘7 (spparently the maximum angle of attack for which
linearized theory will hold.)
y = L (2 positive roots identical)

73

1

cw 4

-‘2-"}'9 = .75 (cf. Geurst value of .7485)

2) p =0 (no angle of attack)

a <
0 ® -4 (no cavity, physically real solution)
1 0 4 (cavity full length; anomalous)
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Since y is only an intermediate variable, it is of interest
to express everything in terms of a.

By solving o -% (—;— - y), we obtain

y =aZsl - a

Since'p =y - y3, we have

¢, = -oB(l +a2)(Valel - a)
c, = oB(o/oz+1 +1- 02)

p = 20( c:-ufl-a)2

g = -:M Vo+1 +<:o)2

Therefore

uzus

1" (u +1)(a+ a + )

2
c, = ;I_Ja'lﬂ; (3uz+ 1+3 oLz-i-l)

TECHNICAL RESEARCH GROUP
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4. UNSTEADY CASE

The general expression for the velocity ® y is given by

LWL RENCINCRRICY

X

- % EdE' / :'Ck(t "x.Tx")*k(x' 2114
-

13.

Assume the time dependence is given by a small simple harmonic oscillation

around the steady state

Q
(]

a, +ay cos(vt-eo)
S = ko * k1 cos(vt-ek)

where a . ¢y, ¢y are the steady state values.

Let M(t)

N
il

M, +M; cosut,

B(t)

Bl cos (izt-GB)

where Mo, Ml’ Bl’ 6, are all given quantities.

B

Then M'(t) = ~ le sin vt

M"(t) = - uzul cos 1t
B"(t) = - sz cos(vt;.-e )
1 B

- vz(vBl cos (vt-OB) + 2M1U sin vt)

0
W
]

- vl(uB cos o

B

TECHNICAL RESEARCH GROUP

cosvt + (ZMIU +vBl sin 93) sinvt)

- vl VI(vBl)2 + 4(M U)2 + lelMlU sin 6y cos(vt-tan (tan e

M. U

1
B vBlcos

i)



14,

¢3p = 0
€y = - vh ﬂv31)2+4§ulu?i+4vnlulu sin GB
v

65 = tan~1 (tan 6, + —m—"-—- )

- vnlcoo 65 -
cé - -vszMI cos vt
c“ - 0

2

S "V ‘2“1
04 =0

We now carxry out the second linearisation: _
(Aover a symbol denotes the perturbation in that quantity given by the
symbol without the A)

e (I, (x,7,0(t)) = cjqv, (x,7,0,) + cklcon(vt-vk)vk(x.i.no)

vy
+ €9 E: (u.y.oo?olcOlSvc-oa?
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A 4 T o

: ¥ ’
v =3 [ckl cos (vt-ek)wk(x,y,ao) +C0 s-af (x,y,ao)col cos(yt - Oa)

Y ksl
. )

-

oy e !
+ G -a—&-l:- (x',y,ao)alsin(v-(t: -x; )-ea)} dx']

The above integrations are carried out explicitly for the cases
where y = ot or y = 07, thus giving the vertical component of the pertﬁr-
bation velocity: along the hydrofoil. The steady state term has been
derived previously. Similarly the following equafion gives the pertur-

bation term for the pressure distribution alohg the hydrofoil when y = ot

ory =0 :

A & 30,

o= 3 (ckl cos (vt-ek)dfk(x,y,ao) +C0 55 @ €08 (vt:-ea))
k=1 ' o

:?- of ¢1,1p1,¢2, and 1p2 are given in Appendix.Vl, Table I,
o

' %o of ¢3',¢3,¢4, and "’4 are not needed since c3o-c40-0.

The boundary conditions (1), (2), (4) of Section 2 are explicitly given

as follows:

TECHNICAL RESEARCH GROUP



16.

Condition (1)

4 A (c’;j}
kfl (cklcgsﬁvtwék)¢k(«) + e 55; alcos(vt~9a))=0
o

where the values at « of 1 and,E?r-are given in Appendix VI, Table II.
Condition (2)

w o= M'x 4+ BY' 4 U(MQMO)
- val gie, - stiIa{uwaB}‘+ UMyc s vt

& = sinyt . f M, 4 ﬂ., i : L~ J g
: va1 sinvt &+ QUMl ;VBllbln B) cospt vBlcoseBsin1¢

c c
. . 3 .,
] {x sin vt = U cos vL) %'ﬁf;k sir{vt-6,)
VE_ v % é’ 3

Therefore Condition {2) becomes

Ueyr x U ves

—2 E gin b o4 L) g o= g - =

op g 8im vt b =5 cos t) 4 mod sin(vt-64)

y x X X'

v By N o s { b = ' ) )si - = '

k§3 €1 {¢k~x”0 ng)cm (vee ) + i“ykﬁx ,0 ,00)31n(v(t g )4&?dx}
2 R a@’k -
b kil [ckl cos(ucudk}wk(ﬂuo ,ag)w-cko 53; (0,0 3ao)alcos(vt-ea)

& N
¥ ' i ipie JEEY N i 0"
<+ g f [«nkl sin {vit i 3 Uk-‘;wkmdx _10 Sao)

3y
k - . e x-3!
* ey B, (107 agleg ein (e X g,) axt]
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2
- kzl cklwk(o ,0™ ,0 o) [cos (ve-0,) -coa(v(t-—"%! -ek)]

oy -
+ 0 &f (0,0 ,a)a, [cos(fp-ea)-cosf(: --’%‘- -9“0)]

[#'k, aak are constants along the wetted surface for k=l 2]

This may be- simplified to
4

x .
kia ckl(wk(x,O',oo)cos(vt-ek) +% {-qs:l.n‘v(t -x'u"),-ek).wk‘x',Q-,oo)dx')

x-x',
U

2 -4
< 2 7 faamen
oy ,
+ o100 st (0,0 )sin(y(t ‘E'-ixi)“ea)‘} dx
o

» ‘ dy -
+ cklyk(o,o’,oo)cos(v(t: '%L)“ek?+°1°ko -a-.f $0,0 10 5) cos (v (t-5= x-u) -9 a)]

Uc
= vi‘l (— sin vt + % cos vt) + ——= 21 sin (vc-e3)
v -4 |
Let Jk,s T f wk(x +0,0 )sin(U (x'+l)dx'
v -8
Jk,c =5 j yk(x »0,0 )cos(U(x +z))dx'

3y
deﬁned using Y
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18.

These integrals must be evaluated numerically.

oYy
The Yy and 5—— needed are listed in Appendix VI, Table V (in the form
37 oy
wk and S k, the non-constant parts of Vi and aak’ defined in Appendix I).
0 o
Let
p = V$t'% )
X
W=/ sin(p + ¥~ - 93)¢3(x ,0 ’3 )dx!
1 vx! ' '
=3 fz sin(p + == - 63) (x'+4)dx"
U 1
-- = cos‘p + y:;_ - 93) x ”’)] + f cos(p + _,- 93)dx'
=-32 (ﬁ&)co (vt-8,) + Hz—-(sin( t-6,)-sin(v(t- —— -0 )
v g 8! 3 v2‘c vesTs v 19
Then

x , .
[ sin(p + -’% - ea)wa(x'.,o,ao)dx'

. | 2
=W - %%(-3,0 sa ) (cos(p + -1{,—" - 63)-c08(9 - VT - 93))

' 2
= - ;,q ‘W3(x,o',ao)cos(vt-63) —(sin(vt ] ) -sin(v(t- -—) 93))
. . z
+ §w3’(-z,o',ao)cos(vg': - XLy o 3)
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vx!

Let T= [ sin(p + R, h(x'.o',ao)dx'

X
=2 [ sin(p +
-4

-2 g cos(p +

L]

+29Y
v

1~

L

o

+2Y
v

s

)/

O EREH? - b ane

X

=51e5h? - gt )

-4

' .
coslp + %’;—)[:—:% - 2—];] dx!

-2 g cos(p + :J—x) [(%;—1)2 - &hH]

24

yx!, x! -
cos{p + U)ledx T1+'J.‘2

2 e b X X [ ]
‘?U:z {x'sin(p + % ]-‘ - ;{‘ sin(p + %) dx'}

[* o106 + 29 101060 3 + ¥ (conte +2%) - cos(p - 2y

4

. _ .U 2.3
Note that T 5 cos (p + U) L

T2 =
= U2
12v2
1=
Therefore
X
J sin(p +

=T1

! -
) % (x',07,0_)dxt

+T, - % v,,(-l,o',ao)(cos(p + v_;_) - cos(p - %‘-))

TECHNICAL RESEARCH GROUP
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2

= - % zp4(x,o',ao) cos vt + ;U;i (-}5- sin vt + -;J—z cos vt)
02 v U ve U - vi
+ 7 (sin(p - ) =57 cos(p =) + 3 ¥, (4,0 ,a )cos(p - 7))

Condition (2) then becomes

wheres=t--’—‘-%'—£

(=}
n
M

11 [(Jk,s +wk(-2,o-,a°))cos(vs-6k) + Jk’csin(vs-ek) ]

* oY) - *
+ @1¢9 [(Jk,s +-§: (-2,0 ,c,o))cos(vs-ea)+ Jk,csin(vs-ea)]

- €31 -1}1_3' sin(vs-eé) +041(;Uz sin(vs) - (-v%)zcos(vs))

Condition (4)

4 z ] -
0 = 1:1 {z cklsin(v(s +xU+£) -Ok) [zpk(x',o"',ao)-uzk(x',o ,a.o)]
oy oy -
+ ckoalsin(v(s+x:J+‘)-Oa) [-5;-1(-:- (x',o+,ao) -acfl: (x!',0 ,ao)] dx'

Integration along the wetted surface in the z plane is equiva-

20.

lent to integrating along the n axis in the { plane. Similarly integrating

along the cavity sur'face in the z plane is equivalent to integrating

along the ¢ axis in the ¢ plane. Therefore (4) can be stated as follows:
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0 . !
x'+)
| {“cquin(v(s + 53 )

Lanlk xc B

oy
‘ A x'+8, k, dx'
-ek)wk.(o,n)-t-ckoulsin(v(s + T)-eu)aoo\o,n) an dn

- | .
* £. ¢y 8in(v(s+ 2‘Luti) 'ek?ﬁkgﬁ,0)+ckoolsin(v(s *l‘"ﬁﬂ)’*’a)a'of(g’°)%‘éd€'°

Let.;;-k = non-constant part of Yy Since the above equation 1is
satisfied by the constant pa:t; ‘it 1is sufficient to con'sider‘ oply the
non-constant parts, which are given in Appendix VI, Tables III and IV, for the
wetted cavity surfaces respectively. '

| On .insﬁéction of these tables we see that along the wetted

I surface *k and ';-E all equal O for k=1 and 2, Furthermore for k3 and 4,
;k oﬁ the wetted surface are both polynomials in x, while on the cavity

] surface :;k are equal to '4/:, a quantity defined in Appendix I, plus the
same polynomials.
Therefore condition (4) can be simplified to the following:

o ~ 20, , M 20,7 £(8%+ o
{ [cklwksin(vs-9k+T) +§5_ ckoalsin(vs-ea+ -i,—)]m?——l de¢

o
(]
=My

where Q = %& (reduced. frequency)

P=1+(€2+a)2,

and *k is replaced by 4’: for k=3 and 4.
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o 2
Let I = [ wkcos@)ﬂg—;ﬁldg
) P

2
° 3 20 o
Ti,s = ¥icsin () “3;2-1 %

where W: is used instead of ik for k=3 and 4.

‘ S Y.,

Let I; s be the corresponding integrals involving 555.
’ .

o

These intégrals'afe reduced to infinite series in Appendix 1V.

Then condition (4) can be stated

- S

{ckl(lk’csin(vs-ek) + Ik,scos(vs-ek))

* *
+ alckQ(Ik,CSin(vs'ea) + Ik’sqos(vs-ea)j}- 0

Since the conditions must hold for all time, each condition
is expressed as two linear equations, given by the coefficients of the

cosine and sine of vt or vs, respectively.

Let dk,c = Cklgog Qk k = 1,4
de,s = Sa8in O

o = @,co8 9
c 1 a

%

alsin aq
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Condition (1) becomes

M

4
b
1

op
{dk,c Bl + o0 5 ) %} -0

op .
{dk,s (=) + ¢y EE () “s} =0

Condition (2) becomes

=M

=M

- *
{dk,c I,e i, sWi s T (4,0 ,00)) + cpq Iy o
* oY -
* ko (Jk,s + 5&% (-4,0 ,a5))ag }
- La, +2a o+ (—U-)zd =0
vi 4,c v 4,8
] R - - - *
{-dk,s Tk, + G, e Ui, s T (4:05950)Cpp I o %
o aw -
* epoly, s 3&1‘: (=40 »%))%}

+ Y 4q L4 +(U)2d =0
vi 93,8 T VI “4,8 7 ‘9 %4,c

Condition (4) becomes

=M

* *
{dk,clk,c + dk,sIk,s + ckol:k,cc‘c: + ckOIk, s“s} =0

* *
{ “d,sXk,c T %, clk,s © Ckolk,c% * Skolk, sac} =0

TECHNICAL RESEARCH GROUP
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After solving the above set of equations for dl,c’ dl,s’ dz’c,

d2 g’ %c? and a gy we then can explicitly write the unsteady pressure
?

term as:

4 J¢
A —k
¢ = [éél dk,c’k +a (¢ 5, )] cosvt

+[£ d ¢ toc a.—k)]si.nvt:
kel Ko8 k s kO aoo

From this the unsteady lift and moment can be obtained.

_5. P
These are explicitly developed in Section 5.

Since the closure condition was dropped from the calculation

it is of interest to obtain the cavity shape. To obtain the horizontal

component of velocity along the hydrofoil, needed for such a calculation,

we would have to evaluate certain integrals which are not otherwise

needed. Therefore the solution of this problem is postponed.

TECHNICAL RESEARCH GROUP
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5. THE FORCE AND MOMENT ON THE.HYDROFOIL (UNSTEADY CASE

Let g(x,t) = ¢(x,0,¢t) - 0(x,07,t). Since ¢ = (p_-p)/d,
where d is the density, f:he pressufe difference at each:point x of
the hydrofoil at time t is given by -dg(x,t). Thus the force £ normal
to the foil and the moment m (around thc;_ leading edge) are glven by

(see Figure 2):

v s
f=-d [ gx,t)ax
~4

m= -d f' (x + ) g(x,t)dx.
-2

The lift = fcosP, where B is the angle of attack (given by cosp = 1/./‘1+;' ).

The moment m' around any other point Xq is g'ivén by:

—

m' (xo) =m < (xo +)£.

Since ¢ = 00 + 3,
and since 3 can be expressed by
. A
¢ = ¢ cosit + ¢ssinvt
where 4 aok
¢ - z dk,cok +o.lee 550
- k=l : (]
4 ¢
k
¢ = o S voan
AL WU ACV I~

it follows that we can similarly resolve g(x,t) and the resultant £ and m:

-fECHNICAL RESEARCH GROUP
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FORCE AND MOMENT

7

lift

/

pévot about
vhich the
moment is taken

~ Force (f) and moment (m) are positive in direction of arrow.

Figure 2 .
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g(x,t) = go(x) + gc(x)cosvt + gs(x)sinvt
f = fo + fccosvt + fssinvt

ma=m m_cosy m sinvt
o + cc t + ss

For problems of heave alone or pitch alone, fc is the magnitude
of the unsteady force in phase with the displacement (assume for heave

alone, 9, = 0), while -fs is the magnitude of the component of force in

B
phase with the velocity. Similarly o, and -m_ are the componénts of the.
moment in phase with the displacement and velocity. We have
2
- +
& = kz:l 0y = ¥

4 ) °°1-<' aok
& = éZi dk,c(ok k) + 2o ( Ba ba 3 )

3¢k BO

4
g = 2 dk,s(’l-‘"")*“cko(&r' )
£ - +
Let K =2 fz‘(¢k'°k)dx

2
5, = 2 ’[z (x+2) (o - ol’:)dx

3¢

and let Rk S be defined similarly using aok

ingtead of ok The integrals
above can be considered as lire integrais (in the (x,¥) plane) ove¥ the
surface of the hydrofoil in a counter clockwise direction. This is

equivalent to integrating (in the (€,n) plane - see Figure 1) from ~eoto O

TECHNICAL RESEARCH GROUP
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along the 7 :xis and then integrating from 0 to » along the ¢ axis. Since
all 0 and 5;—-are zero along the £ axis, Rk S Rk and sk can be
expressed by

0
dx
Be=2 [ o0 g dn

dx

S- ] Geno o Ea
- ao S
Rk agg Sk are found by replacing . by au in the above. Note that 111
k’ aok’ and %ﬁ'are odd, while x+ £ is even as functions of n. For
° .

purposes of integration:

24

X4 4=
91 -a))” +1

dx _ "M‘](ﬂz - )

dn = ((n ) 2

The integrations are carried out in Appendix V.

Let R _- Z: ck_ORk

. : i *
S, = c, S
@ k-1 KOk
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Then

and mys Ms and mg defined similarly using Sk and Sa instead of

Rk and R. £ ,m, R, and S are calculated in Appendix V.
a o’ o’ a a

state terms are:

£, = -rapuM (1 + \/1+% )
a
| 2
m = - ,ngzv t34/2 4 + afa2+1 (/a2+1 + a)z)

4a(a”+1)

TECHNICAL RESEARCH GROUP
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6. NUMERICAL ANALYSIS FOR UNSTEADY SOLUTION

The "I" integrals may be evaluated using the results of
Appendix IV, while the "J" integrals require direct numerical
integration, using Euler's method for increasing the rate of con-

vergence of alternating series. Given these integrals in terms of

ad and Q, the problem is reduced to solving the system:

Qv =gq

where
Q Q

and Qi and Q, are each 5 x 3 matrices:

01(“9 ¢2(¢9 °a(“0
S I 1 C R P I I A CE
Il,s I2,s Ia,s ///
0 0 0
Q = J1,c I2,c Ja,c
I1,c I2,c Ia,c
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where

2 o
1 k(o
$ (=) = F= Zog _E(F)‘
’ (o) .

o~/
,7;( ) - l gc a’/’ (°°)
o] ulM, 1 KO
2
Ja,c UZM f ckoqk,c
o
Similar;y Ja,s’ Ia,c’ and I are defined in terms of Jk g’ Ik o’

* .
and Ik,s' The vector v is (d1 g’ d2 g» Og» d1 o 42 o & ) and the
vector q is given by:

d By (=)
dz”c(Jk’c + -(%ﬁ) + d:’ngk’s + % _ 177;(@))
- é’; d:,clk,c + d:,slk,s
T e e Hi()
e U g + T - Tn-af (3, + LE
Ld:,cIk,s d:, sk, c |
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<
=
o]

*
d,c =

14

d =

%
k,s

=]

M

o

For pitch alone:

Since any solution to a problem of pitching and heavihg can be
expressed as a combination (taking into account phase) of pitch
alone and heave alone, it is necessary to find only the solutions
for unit amplitude pitch alone and unit amplitude heave alone.
Let qp and %, be the unit pitch and heave vectors respectively,

given by M; = M, for pitch alone and By = M, for heave alone,

¢y = - 2viMyU = - 20(M;U%)

93 = /2

e = - v

TECHNICAL RESEARCH GROUP
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Therefore (for M; = M),

wp':(-
vO
|
o

o

W *
/]

]

!
N
<

'-l-\n‘*
0
i
1
Q
[

—
o
F*

®
]
)

X -
/ 2084 («)

92_(.14’c + )+ 2035 ¢ - T)

2
Q I4,c + 2913,8
qp =
0?8, (=)
2 1 ~ 1
V4,5 = 07 = V(D) - 2005 - )
2
a2 I4,s B 29’13,0
. _j

For heave alorie:

B
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Therefore (for By = !Mo)

* 2
d3,d = -
* * *
d3,s = d4,c = d4,s =0
T-'b
2,0 _1
SCEWS 2
2
Q I3,c
q =
" 2% («)
3
Q?@, | - V(=)
3,s 3
2
Q 13,5
Let — B
* *
Vg T (dl,s’ d2,s’ as)
* %
Ve = (dl,c’ d2,c’ Q"c)
and let v_ _, Vv be the unit solutions for pitch alore and
S,p C,p
. _‘ - ~ s
Vs,h’ Vc,h the unit solutions for heave alone. Let Vs, h? vq,h

be the unit solutions for heave alone and 93 = 7/2. Then

Fa 4
and v The unit solution for heave alone

Ye,h ¥ “Vs,h s,h -~ 'e,h’

at an arbitrary phase GB is given by
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vs = vs,hcose + vc sinGB

vc = vc,hcos GB - vs’hsineB

Therefore for unsteady pitch = Mlcosvt and unsteady heavé = Blcos(vt-eB)

Ml Bl

vy = f{: Vs’p + W (vs’hcosen + Vc’hsinen)
¥, By

Ve * ﬁ; vc’P * i:)—i .(vc’hcosen ) vsah81neB)

TECHNICAL RESEARCH GROUP



APPENDIX I - ¥4, B3, ¥, #,

Calculation of ¢3, ¢3, V4 04

A. General
-1 k-3
¢ = = f X G(C C')dx
k szk wetted ’
surface

Where G = Re(za(é%i% <y ))

[4-2
and C' s/ Iz o)

g'-t
Along wetted surface (' is imaginary

= / -]'_'13'=
et ie e iu
P T
1+ (u-a)

Therefore G = ln(%%%% . E:ié), since argument of £n is a positive real
u+ig
number.

As a result, G = F(2) + F(2)

. = gn(oril

where F(2) ln(u_ic)

Since as a function of {, the ¢, are the imaginary parts of an analytic

function of ¢, where y, are the real parts, each ¢, can be expressed as:
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Let H{¢) = 2iF(¢).

Then G(¢) = %3 (H(Z) - H(D)).

_ =1 k-3
Therefore f! / x 7 H(g,1u) dx
k ~ 2 zk -2 wetted ’
surface
__ -1 u+ig
=—53 / Zn(u ic) dx

Tl
where fé = Yt iok,being determined only up to an additive constant,
so that wk(x = =) = 0,

The wetted surface of the hydrofoil corresponds to the interval

0,0) of u.
Therefore £! = —i= fm o3 & ln(Eilg) du
etore £ = ey [ 2T @Gl
k-2
_ & (n Hﬁ%ﬂ
(k-2)wl
i ® k-2 k-2, 1 1
+ - (- - du
poesy AR s R 13
- utily _
At U =0, X = -}, Zn(u_ic) 0
1-a2 u+ig
at v . 0. x =~ £ ~7 > uic):vi
lio

Since ¥, is only known up to an additive constant, the first term for fﬂ

ray be dropped.

TECHNICAL RESEARCH GROUP



Let ;k be the non-constant part of y,.

1 1 21
Since WHE © u-if T E—zy , the integrand is even and

fk (= f'! - above constant) can be represented by:

i * 2 k-2 k-2 1 1
£ = Z—(l&-ﬁ; / {(_—7_2' - D "'1) } ‘u+il; B u-ig) du

o L-1+(u”-a)

In particular:

i~ 11
f53 B {” 1+(u2_0)2 (u+it; u-i;) du
AR 2 1 1 1
£, = L ) (——"— ) - -5 J ( = ) du
b {eo L 1+(l12'0)2 1+(u2-a).2 u-i  u-ig

Let t = A+Bi, A and B positive.
where t:2 =a + 1
Then 1 + (le-cz)2 = (uz-tz)(uZ-EZ)
Since ¢ = &+in, 1 = -n+ig, where ¢ > 0.
Therefore for purposes of determining residues to evaluate f3 and f4 by

contour integration, the upper half plane poles are t, -t, and ic.

Since — 21 2 -2, 21-2 ( 21 2 " 21-2)
W -t W -t t°-t° u"-t u‘-t
1 1 1
-5 (55 - 7
21 Y 2_2 " 7.2

TECHNICAL RESEARCH GROUP
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1L 2o 1 1 1
by =2r {w(uz_tz ) uZ-Ez) G " e ®
f=-if°°\-1-(l R N — (o5 - ) du
4 T 4 u2_t2 uZ_EZ (u2_t2)(u2_E2) ‘ubll  u-ig
S SR | 1,2 1L __1
"% G2t Gwoen

In addition to the general expressions, the following special
cases are desired
1) at x = «(or £=B and n=-A), ¢ and ;,

since the desired y is 0 at this point and the function must be adjusted

accordingly.
2) at ¢ = 0, (the wetted surface) ¢ and ;
3) at n = 0, (the cavity surface), $; and separated into odd and

even functions of ¢.

2 2 ~
4) 1" =¢ +a for Jk,c and Jk,s integration) y
B f3 Calculation
.1 ™ l1l 1, 1.1 _ 1yl 1
£3 C 2 {WV(Zt(u-t u+t) ZE(u-t u#E))(“+iC u 1§) du

H
'-I
i
N
Nl
=
T
e
v
()
t
N
o -
—
o
e 1
] [\~
e
——
i

47 EE-D | t(t+iD) |
tt 1 (t+it) (€-17) (t-1f) (t+12)

)
!
'

TECHNICAL RESEARCH GROUP



|evig |2 - |asBL-naie | 2 = a-m)? + (Bee)?
l t+if ‘ 2 . | A+BL4n+1€ | 2 . (A+n)2 + (B+§)2

€(t+10) = (A+BL) (A+n+1(B+£)) = A(A4n)-B(B+€)+1(2AB+AL+Bn)

=0 + An-Bé+i(i-§Aé+Bn)
- _
E(‘E-if) = (A-Bi)(A-1-1(B+8)) = o - An-Bg-1(1l+A¢-Bn)

tt = \ﬁ +1

1 1 4+ A¢ - By 1+ 4848
Therefore £, = ( + )
TR T T amZe @il | enye (B+£2
+ i [ a-An-B¢ _ _Ga + An ~-Bg
/a§+1 (A--n)2 + (B+€)2 $A+n)2 + (B+8)2
~ 1+ AL ( 1 1
Therefore y., = +
3 alsl (A-n)f+ B+8)2 (a2 4 (B+§)_?)
_ _By ( 1 o 1 )
A A+ @?  wm? 4 e’

¢ = ( 7 1 - 1 )
3 /"2"m 1 A-1)° + (13+g)2 (A+u)2 + (B+g;z

e ()
[T \Gan?+ 302 am)? + (Be)?
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Special cases

1 1 1 1
Doo¥y- 2 4(A 22y 4| 2 4(a2482)  4p?
2 Jat4l 48%) 4 2 \Ja?41 +
) 1
2(“ %" 2 \/a241( Ja?41 - o)
2 a2+l -0

2(a +1)( o +1 -a)

- a2+2 + 0 Vu2+1

- 2(a2+1)
. . 3o- Valsl 1 1 a2+l +o 1 1
= . - + +
3 5 4B2 7 ) 482
2 Ja“ %l 4 Ja“41 2Va“+1 4\o“+1
- o o+l - 20
2 Ja“+l 4/a+1(£21-a)
= ; +
2°+1) a2+1
L+ a2+1
2(a"+1)

Ry S P A
3 7, \8% 4 -1 BZ 4 (a+m)?) o4 \ B +(A-n) B + (A+1)

2(82+A2+TL2)’ - 4AB112'___

a“+1 ((A2+B2+n2) 4A2n2)
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o~

vy »

2

a2+v1*n4-2q20-

N 2 X+)
Pyt 1 !t

42,

1

, 2 -2 Z 2 Z
/02+1 B +(A-n) B®+(A+n) /a2+1 B"+(A-1)

\/__1 ((q a)2+1) <4Aqa + 2An ( /;Z-: + 1 ))

_ 2an(20 - ya?41 - n?)

2
Va?i1 ((nZsa) 41)

. 2(1:A¢)
,/a2+1 ( (B+g)2+A2)
_2(14a6) C (Va1 4 gz-zsg)
2 2 2
\/a +1 (\/a +1 + £742B¢) { Jo +1 + g -2B¢)

2 [ Va2+l + 52 - ZABQ2 +AE ( \/a2+1+ gz - 482)]
\/0241. ((52 # a2+1) -2( Ja 41 a)e )

~ 2 + 2Ag(€2 + 20 - a +1)
(% sa? 41 42aed) [z

T e ((E +a) +1)
- —w *
Y
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2_4;(;3 +2% - Val4l)

JaZi1 1+ (g2 va)’)

WLet D= (A 2+ @02 (A2 E+0D =@2nD)l@re)2(8+8) 20240
Substitute 52 + a for nz

2
D = (B+8)" +2(3+£)2(a%+8%40) + (A% -a - ¢2)

*
where ¥y =

- 8% vane vep?e?+amed 4 g% 4 287 + 28 + 62) (2 +a + A2

+ A" +a2+ &4 + 2052 - 2A2a - 21\252

2

= 02 +1+a2 -202 +4BE(a + a2+1) +gz(682+20+ 2A +282+ 2a - 2A2)

+ 8352 +4§4
- 1 +4Bg(o + o241+ 6204 Ja2e1) + 8B¢> + g

G .2 ((1+A8) o+l + 2624 0+ 288) - (£%4a))

3
\/1+az(1+4se(u + Je2+1) + 462( aZ41) + sne3 + 4§4)

_ 202624 Va®41 + 24(Ja241 -a) & +AE (/241 +a +2¢2))

\/1«12 (1+ 4Bt (o + \/02+1) + 452 02+1 + 8353 + 454

‘ 2j2§2+\/o2+1 + A8(3 oz+1 - a) + 2A¢ 3)
/1+az(1+4B5(a+ a”+1) + 452 o +1+88§3+ 4&4)
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7, - 2 l'(/;iu 4262 1+ AE (B el - o + 262)) (Lebt 2Ja+1 + 42 4gg(a+Jaz+1+zg2))J
2
Lia® (L + 482 Vo1 + agh” - 16822 + Va4l + 2677

24 2 4
x+£=l bag” - 4¢

2
(L+6e? alel + 4897 = (4% + tat? - 144( Jo%41 - a)8? + 2
2 e 4 tat? - 1)” 4 4t s tag? - DAL - o)t 4+ 1)

+ 4(2( Jo"+1 - a)e2 + 1)2

2
e rag? - 1) + 6200 - weds D @etageia + oeh

'(454 +40§2 - 1)2 +8 ez(\/az+l -a) (252+ ,/a +1 + a)2

. 2
g (’%A [( L2014 262) (14 663 /a24e1 + 46%) - 262(3 fa41 - a+262)(@rp2rLe 22
,/1+cz2 -

+ Ae((3 0?41 -a+2§2) (1+4 a2+1 52+454) - 4(,5 +1-a) (a+ /a2+1+2g2)( az+1+252):
y ] — .
o2 (&i) ( 241 +€2(2+ b(a%41) - 2(3@%41) - % + 20 oz+1>>

22
/1-+az

+ 44 folir + 8la%41 - 4(4,F2+1))
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v AL 241 -0 - 4faZel+ £2(12¢a%41) - dafoi1 +2- 8(Lia+l -afoal+1))

2

s £2(12J0241 - bo + 82241 - 16(Ja’+1 -a)) + 8¢%)

/22’/3= 2 x+1)(a+(1_40e _4&)

%

+ At(- pP4l-a+ g2 (ha®2 4 ta fals1) + g4 P41 4 120) + 8¢°)

1 (ﬁi) (P;- - A&(Zgz + ( ; 41 +a))

C. £ 4 Calculation

1 1 1 1 1 1 __1 > 4
<(u-t)2 ' (u+t)§> * :2 ((u-t) * (u+£)2)2 (u+i.l; u-1¢ v

TECHNICAL RESEARCH GROUP



a1 -1 01 (1
h = f (u+iC)(u-t5 <4c3+2ct': (t-i‘: t:+i':>)

1 1 1 1 1
b —— + +
(u+id) (u+t)(zs 2tt \t-t t+t ))

.1 4,1 (1.
(-0 () \ 437 gei \eot  tat
1 1 1 1 1
—— ‘ d
(u-:lg)(u-E) (Zt? ' 2tt (t-t-: v t+t »} }

1 1 (1
t'*ic (41: e(t>- -t%) ig-t (4t':3 * E(tz-E2)>

f* ==l ( 1 + + °° —-2-———-1 + 1 ( L 1 )du
* * : :
=m + N
* -i = 1 1 1 1 1 1 1
n o= Tér {w {t_z(u_t) (tu; G=x - u+i§)> T teit Gt - u-:l.l;))
1 1 -1 1 1 -1 1
+ (c ) - — + )} du
t2(ub) E- 1t ust 9HL f4ir wt W)
* 1 ‘-] 1
n == ( - - )
8 tz(t-o-i;)z :T(i;-t)z

* 1 1 1 )
Therefore £ = - +
z (czgtuc)z £2(-10)2
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L 1 1 1 i 1 1
h = - =« + -9 . -
4 <t3(t+-i;) E3(f:-i§)> 2 <t(t+i4) t(t-1t) )

* *

=P 44
1 [ #2e-1p)? . 2 (e4iF)? J
a8 | ((este) (B+1B))? T ((B-1g)(te1))>

1 | la-Aq-Be-1(1+ag-B)] 2 . la+an -B€+i(1+A£+§11)]

4(a2+1) _[(A-ﬁ)z + (B+€)2] < [(A+n)2 (B+F)2]

1 (a-An-BE)? - (14A£-Bn) 2 , (@san- B&) -L+Af;+Bn2 )
4(a%51) \(a-m? + (B+£)2)? ((a+m)? + (B+e)D)?

+

i (a-An- Bg)(1+Ag Bnl (a+An-B£) (L+AE+B7) >
2251) \ ((A-mZ 5 Bre)D? | () + (Bee)D)’

2
1 (a -1 -LG(T] -t )+23E 2§§A B) +¢n(B-cd)

40a°41) (a-m? + (8+6)%)

, @2-Liatn®-¢%) -2 26 (asaB) - 20(B-ah) >
(a2 + (3+8)H32

-+

i ( 2032(aA-B)E-2(aB +A)11-;c_zﬂ§+712' €2
4(0.2-9-1) ((A-'q)2 + (B+€)2)2

} '2a+2 {aA-B) £+2(aB+A)"+2a7 £+T|2- Ez )
(am? + @52
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) 4(tt)

-1

48.

-1

3 3 -
1 £ (e-48) . _ t7(e+il)
B3 | (1O @10 (E-12) (£41D)

_ 1 a-1) (a-An-BE-i(1+AE-BN §a+12ga+Aj-B§+i§1+A§+Bnn
B b(a +1)§; J (

(a-)? + (B+£) mm)+<ma

4(0 +1) 3; 2

i
2tt

"

" 4l

az-l-u(A +B¢)-A¢+B az-lm(An-Be)-Ag-B'q
372 Zl‘g_grﬂ + 7 7

(A-1)" + (B+E) (A+ﬂ) + (B+€)

< g+Bg-2a-a§Ag-Bgz n-B§+2ma§A§+an )

(A- T\) + (B+€) (A+n) + (B+E)

£
2

e(t-18) _ t(t+il)
(t+18) (€-18)  (t-18) (t+1D)

-1 1+A¢-~Bn 1+AE+BM
<( Z—i 7+ 2 2>

Wa2i1 \A-M)7 + (B+E) (A+1) " + (B+£)

1 a-An-Bé . __o+An-BE
) a2+1 (A-n)2 + (B+€)2 (A+n)2 + (B+€)2

A =B( Ja+l + a)

B = A( az+l -a)
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%* . 1 (a2-1+Bn(l-a2-w/a2+l) - Ae(l-a2+a\/a2+l)
3/2

4(a2+1) (A-n) 2 + (B+€) 2

4+ 2 -1 Bn(l-a -aJa + 2 AE(l-oe +1+cz\/oe +_)>

(A+n) + (B+e>

J -3 ) (-2a+A'q(1-a2+aJa2+l) +B€(1-a2-a»/a2+l)
2 3/2

a-n)2 + (B+6)°

-2a-An(l-a2+m/a2+1) + ngl-az-a »/a2+]Q>

l (A+n)2 + (B+g)2

_ e £, BN+AE . —_Ae-Bn >
b@21) 2 a1 \@m? ¢ @0l (am? 4+ (Bee)?

ia (Bg-An+ a2+1 _ B¢ +An +\/a+ >

+ 2 2
4(a"+1) \(A-n)" + (B+e) (A+n) + (B+€)
2 2
* * a -1 : 3"+ 1
Let r = q - f = - f <——>
4ale1) 3 3\ a(e241)
2
* * a -1
s’ =p + 22— f
441y 3

Therefore f4 f + r* + s*
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Special Cases

[ 2 2 2 2 2 [2
1) Re(f*) - - ; (" ’1Wil+% =2 o -l+a +1-20 Vo4l
4(a”+1) 16 (a“+1) 4 faBal - a)
- 1 ( a -1
4(0 +1) 4(0 +1) 2(\/;'2':1' o))
- -a? -1 Va2 1 “+1 4+ a) -
16(0 +1)7 8(0 +1)
Re(s™) = —% ( 1 )
4(a"+1) 2(Ja?sl - a)
_a(ya 4l + a)
8(a2+1)

Re (r*) =

%241

( +1)( + 1 )
4(a®+1) 2(0 +1) ZJa +1 ( a+1-a)

8(02+1)

21 + 1+
e +1

=)

;; =aL\/a +1l +a) _ 7241 - 302+1 - agaozil.’
4 2% 8aZia)  8(aZ41)/?

4(&) +1) 16(ac"+1)
_aQedh 11 a6l
8@+1)>2 8 4a?i1)  16(a241)?

_ 1-o*
- 16

20 + 3 2 _1
(o2+1) 3/2 (osz+1)2 02+1 4
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Im:‘(f*) _ 1 (Zam - Va4l 1 a 4 Ja2+1 +o+a+0+a
4(a?s1) 16 (a%+1)
Za-ro-\lu+1+a-\/aﬂ. -0 -0 +0 -0
‘ 4( o+1-a)

]

E 1 ( a 1 )
7 +

_ 8(a +1) +1 /a§+l - a

= —1 ( 2° + ,/oz+1 + o)

8(a2+1) a +1

a 2 \lai-a-l - \/024-1 -0

2 7/
47+1) \ 4 16200 2(Ja’sl - a)

Im(s*) =

Im(,r*) = -(——1-1-1- (o + Vo2 +))

8(a +1)
$, = - 5 + —— - o?
47 sehin? sl 4eind?
2) Re(f") = - —3 (“2‘“"" + zﬂi.__). -1+sz 2n(B-Aa )
4(a’41) (a-m)? 4 %2 (a2 + 5%

' 2
; ((A-n)2 + Bz)(,mﬁ)2 + 32) = B* + (Az-nz)2 + 232(A2+n )

=02+1+n4-2aﬂ2
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Re(f*) .- 02-1+2 2 ‘ a +1+ +2(£ 1+u)n +21]£B ZAI‘OA,_TLL[:FJ_L)_

2(u +1) (o +14M a-2a'l )

- -(a -1 +a )L +1 +2(2£ +1 -HQI] 241+41] ‘1&-010 +ll(\£ 1+’l)

2(a +1) (o +140 -2an )

2 - l-mm2

2(a Ry (uirl-m"-zon )

-2 TIJ" 2-1+°'l)'ﬂ +l1+a) +(1-0 -oJ 2 “J 2 1+n )I

(a +1)(o +1+ 1 =2an")

2 2
=14a1 _ . 21 (1 +20)
2(o +1) (oi+1+n4-2nn ) ?ﬂ) (¢%+1+n Zcmi;i
-__ 2 a2434an?
= /A 2 2., &4, 2

(o 2 140 -2an ) 2(0 +1) (0“+1+n -2a0")

L
Re(’?‘_Tn' - - ) 2>

4(0 +1) (A-1)° + B  (A+n)" + B

- OB?S‘&AHE
4

(@“+1) (@"+1+0 -200")

2
- -1
2(02+1) (02+1+ﬂ4-20ﬂ2)
2
2
Re(t ) = - -—&-" +1 3 7

4(0 +1) M -2an"+a +1

TECHNICAL RESEARCH GROUP
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~ 2 2

1[/ = - '
4 Ezﬁm‘*-zanz? <=n2+1+n£'-2<:m2

3 (x+l) x+4

L

* 1 20-2(A+B0)T]+T]2 20+2 (A+Ba) 1 +.n2
Im(f) = — 7 7.7 " 7 3.3
4(a"+1) \ ((A-n)" + BY) ((A+)” + BY)

_ am®aan(la®s1 413 -2(aBa)n@s142 (Vi sa)n® 0

2(a24+1) (n*-2an2 +a2 + 1)2

-(A+Ba)Tl
(a +1) (Tl Zcm +a +1)

2An(n +(Jo§+1+2a)n +Za\/a + ) - 4(A+Ba)n(Ja E+1+<:e)n

i

(a +l) (Tl -2cm + +1)
(A+Ba) ( W/a2+l +a) = A(l+w Va“+l - uz)( Ve +l +a)

= A( 02+1 + 2a)

Im(f*) - -(A+Ba)n 2AnLn é J 1+Za + Za o + 1)
@241y (02 -2an2ralel) | @Z+1) (0*-20n%4a%41)2
A-Ba 2 [ 2
( )| _ 2An(-n"+2a~ iu +1)
" L) (nF-2an 240 2Ly | 2 2

a+(n 2an+a+1)
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Im(s*)

Im(r*)

g (e

4(a2s1) (a-n) 2 <A+n) +B

. -o(An( Vo E+1+11) 2An\/az+ 1)

2(0 +1)(n -2011 4o +1)

oA (%~ Ja‘sl

2(a"+1) (n4-2a'q2+o~ +1)

(%) _ anQa- Yal4l -n?)

2(a"+1) ]'—u2+1(n4_2°n2+°2+1)

-2A1]LT\2-20 + oz+ )

4, -

,Ff 1 (n -2nn2+o2+1)

2

54.

AnL o + (1+a2-o Jo§+1 - 2 a2+1 =(3a"+1 20-9/024-1- )

2(o +1) (n -2an 40 +1)

-2An(n2-20+ Ja§+ 1) An((3o +l-o joz+1222+ lugd(sg +3L-0(7Q .,.3))
[— 2 *
o+ ('q -201] +0 +1) 2(° +1) ("l -20M" 40 +1)
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35.

2 2
3) Re(f*) = - —& (o -liae -NA«;B)Q)

2(a§+1) (A“+(B+£)7)

( az+1 + 52 - 235)2-02+1+ea+432g2+2 a +1 52 -4BE( \/u +1+ 52)

- oa%4146%42¢2(2 o241 - ) - 4BE(VaZi1+¢D)

Re(f*) .. guz-l-ogzzgg4+2§252\/az+,'1. -%) + 02+1) +%§2-(Joi+1 + Lz)gl-mv/ai-rl - 02)

2(a”+1) (¢ *+2a8%1a%+1)

* *
= fE + fo
. ngz + l-o; _ 2gzgga2-1-a§22gia2+1-oz+ $§2+loz+l%(l-oz4ov/;§:l))
E | 2(a%41) (£ 4208 24a2+1) | (0%+1) (e*+208%4a%41) %

~—y °52+1'°ir—z '—Tz'é(éz”%)—z 5

2(0%41) (8 42a8%4a2+1)  (a%+1) (£ '+20t%4a241)

2
- of - 3%_2 4 - %__2
2(o2+1)(e"+20e“+o +1) (ga+2ag +0 +1)2

Re(s”) = —236— (—1——)

2(0“+1) A2+(B+§) 2

- aAg( Ju2+1 + §2-23§2

2(a241) (¢ 4202 24a%41)

2
2
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56.
* - -aﬁz
2(a2+1) (¢ *+20¢ 210 241)

A 2
E 4(a“+1) | 64208000201

2 b4,

Vo = -
B M2ttt 2(%4) (tr2atiialel)
_1 [ xe) . Xtp
T2 ) 2
f: =3 2;’ 52 <(1+a 02+1'02)(€4+252(2\/02+1-a)+a2+l)
(@ +1) (¢ +20¢ "+ +1)

-2( a2+l -a) (a54+(a‘/a +1 +1-a2)ez+(l-a2) 02+1))

_ At(lwa -aJa+ )F, +2(1l-a +oo\/cn +1 )»/a +1 + a +1)(1-a +ow1: +])+2(a -1Xc +1-a\€ +1)

(o +1)(g +2ag +1)

At (Yo 1 - @) Ag(z Jo + 1¢ 2, baa 1 z(a +1))

‘/ (e +20¢%4a241) (a +1)(g +2a§2 2,1y*
¢¥ o Acg(¢ +Ja +1)
2(a2+1) (g4+2ae,2+az+1)
2
* L 2Gela) ¢
© 4a‘s1) 3
¢* 2Ag(£2+20. -\/a2+;) + At(at -aJa + +2§a +l)) 3a2+1 '4’*
4 (e 2020024y J.(a +1)(g 120t2iactl)  blaiel) O
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1 2 2,2 2 2
((@“-14a(n“-£°) -2¢(A+aB)) (D, (N)+D (-n))
pZ(m)p X-n) 1L

by -4(Z+1)E =
+ 2n(¢+B-0A) (D, (n)-D; (-1)))
where

Dlz(n) = (A2+n2+ (B+86) 2+2AT1) 2

2
- (A2+ q2+ (B+8) 2) + 4A2n2+4An (A2+ ﬂz +(B+8) 2)

2@ E = 2 ((202-1-2€(A+oB))((\/02+1+ a+282428E)2
D(MD(-n)

+ 2(ja’s1 +0) (§740)) + 8a(t%+a) gem-oA)(J;Zszez-pzne))
D, (n)D, (-n) = (ool +a+2¢2+2B8+240) (Yo 241 +a+2¢24284-240)
- (faZs1 +as2¢24+286)% - 2(Ja”+1 +a) (£2+a)
- athsapedsn el €2 + 6a%4l +a)Besl

2
2 * 20°-1-2¢(A+aB) 4 2 2
-2(a“+1)f = , + —2———2-——((20 -1-2¢ (A+aB)) (Ya“+140) (€7 +a)

L (ezw) (Jo2+1 +a+2e2+28€) (2Ae+1-oda7+1+ a)))
- 2a_-1-26(AiaB) -7 ¢ +a) (Jo +l+a) (o(o-\gz-rl)-hng)

+ 2(52«:) (g2+nt) (2A§+1-0(v£2+1 +a)))
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-2y £ -

38.

20%-1-2 (AveB) | 4(&259)

o) | (-o(1+2(J02+1+a)B€)

+. 2(2Ae3+(2-o( o +1 +o))£ +(1-o(Jo2+1+o) )BE)

2
20" -1-2¢ (A+aB) —f_G—f)_- (4¢ +2B€-q+(./u + +o)(4B€ 2‘* "‘OR»

Dl(n)D (-n) D ('l)D (-n)

__'J-_.Z..QM + —2——-2——.— (4g +2B¢ +30€ +2Ba -a )
D, (W)D, (-1 Dy (WD, (-

’ )
+ i}‘-@—*ﬁl (436; -2ae -20 &-4023)

D; (M)D(-n)

_ 20%-1-26(At0B) +4+4 (Yo s L1a) BE

o2 .42 ('6353+(3°-4£ s1)¢%- (4Jo§+1+20)35-(o2+1))
A l(ﬂ)Dl( T\) - . - .

+ ﬂ%@_“l((za 4fa”+ )g -4Byja+1 ¢ -2(o +1)e~(1+¢u )B)

_ 20%-1-26(A10B) 1444 (Yo% +140)B

- 4 (4646887 (11h241-10) €54 (4yh+1+20)B 84 (a241))

D, (WD (-")

- A lra) (o i [700 63:2(201) 24 (la2el)BD)
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59.

* 2u2-1-2§§A+oB)+4(\/o +1 +Jaﬁ;€-20(Jo +l+a)

D, (W)Dy (=)

-2(a2+1)f

4 3 2 2
- ——ty— (-2B£-3a¢°-20B¢4a")

. 4§E[ag+1;02 (4B( +1-a)53+2Jaz+l(Jaz+l-o)€2
Dy (n) Dy(-n) '
+ (1420 (a- 02+1))B€'% )

- -1-2aya”+1 + 2va“+1 BE
Dy (M)Dy (1)

-4 3 2 2 2
+ Df(n);{(-n) (2B67+(2ya"+1-30)§" + (jo +1-3)B¢ - $(Ja“+1-a))

Let Dy (M)D;(-1) = Dy(£)
Lz,
264" =2 ;HB)“’Q“I - — 2 (4Be3+2(2(fa+1-0) ¢
2 Dz(E)Di('e) B e o

+ 2((fo?+1-0)-20)B¢- (F41-a)a)D, (-8)

Z 1 (ne 4¢D,, (-¢)
= m - S —2 (2362'06'253)

D, () D2(8)D,(-8)
2D,(-¢)
- g2 2 (i) 4e2e28e0)
Dz(e)Dz("e) ’
D,(-8) = D,(¢) - 168¢° - sf,/o2+1+o?pg
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60,

-2(02+1)f* - 2Va“+1(B&+a)-1 _ 4e(2B 2_a¢-2aB
Dz(e) Dz(e)Dz(‘e)

2,.,2
+3213 28" +0a +1l4a (ZBﬁz-ae-ZaB)

DZ(£)D, (-8)

. 2(Jya"+1-a) (4§2+ZB§-0) + 16B§§Ja2+l-o}$22+fa2+1+alg§2+2§§-02
02(6)02(-5) .

D2(£)D, (8)
= 3262262+ (JaZsL4a)) (o 1-0) £2-aBE-a (Yo 2+ 1-a))
3262 (2(h 2 1-0) ¢4 208624 (1- 20 (o 41-0)) €20 (faZ4L0) B4 ) |
1662 (JaZ41-0) (4 *-4(Ja24140)aBe 342 (faZs1-a) 2
-h(mm)zsg-h(mmn
168 (Yo 2+1-0) (2¢ 24/ 2+ 14a) (4¢%42B¢-a)

16B¢ (JG +1-a) (8€4+4B§3+(-20+4(J02+1+0) ) €2+2(Jo2+1+a)Be-o(ch+l+o))

N+ N, = 16(/a “1-a) (62 (464888 3- 4o (Ya 24 L4a) BE S+ayn2e1e 2-tat?

2
n \

N
L]

+ 6(Jatslea)BE-2a (L4 (Ynielia) 2)BE+1-20 (faielta) ) -BEa(faslia))
= 16(Ja’+1-0) (£2(D, (£) ~bag?-20BE)
+ (VaZslia) (62 (-4aBE3-20( o24140)BE-20) -aBE))

- 16(,(,/;2+-1-a)(gznz(g)-aag“-zasg3)-ag(asg"+2n( a2+140) e242¢48))
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61
N, + N, = 16(;@7:”)(4%2(&)_“54_203&3? A
-ae(snzgg)-afm-u)g3+2§o- A +1?gg2??
- 16(((Tr1-0)£7aB0)D, (6))

2h%41(Be-a)-1

241 £ - _
D, (¢)

. -QQLZBEZ-GQ-ZQB)-2(joz+;-al(4g2+ZBg-a)+16((ygz-c-l-o) ¢2-aBe)
" - D, (8)D,(-8) - ‘ -

-2(a%+1) €D, ()D, (-8) = (48%-8B¢744 bZi162-4(Ja24110)BE+1) (2n2s1BE-207a241-]

- 88834408348 (Ja2+1-0) 624 (Vo Ze14a) BE+20(ja2e1-a)

3

Let Q =/46* 4 tag2-1

-2(a%41)£'Q% - Q(zmne-zo/a_z»«_l-r)+2»[:2_+1(-4$ aZs1-a)
+ 4(\b%+1-0)Bg3-2¢2428¢) +16002+18¢>
+ 4555(1-20(52_;-0))52%@( °2+1*°?B€
- 2J;2:I(o,_+,£.z_+—1) .
- Q(zmné-l-uazu))w\/az—u-( a2+140)B8°>

+ 4£2+1(1+2a (\£2+1+o) )Bg-4(a2+1)
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62,

-2(a241) £7°Q% = Q(2Val+1BE-1-2(a241))+8/a’+14¢>
+ 4\£§+1(J02+1+a)Ag-4(a2+1)

2
4§u°+12 s*

1 1 1 1
" MEH R B S e

A¢(D; () + Dy(-n))+ Bn(D;(n) - D,(-n))

D, (&)
.2_(23‘*_1). s - Agdaz+1-oo+;g2+23§2+g2+o
o ’ Dz(e) -
_ 2aeds2e%a(/a%4140) 40
Dz(ﬁ) '
2 .
2—‘9—%1-)- s*Q2 - (2A53+252+A( a"+1l+a) E+a) (Q-88§3+4(Ja2+1-o) gz-lmg-n)

- (2A€3+2€2+A(Ju2+1+a)em)Q-856+8((\/o2+1-a)A-23) g5

+ (8(Ja%+1-0)~B(({a2+140)) £ *+ (4A-8A+4A~BaB) £
+ (4+ba(ya“+1-0)-2( a2+l+a)2)e‘2
+ (2(Jo%+140) -4a)At+20

- (2063+2624a(fa24140) £40)Q-8¢5-8B4> - 16at-BaBe>

+ (2-802) £242(Ja2+1-a)AL+2a
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63.

2+ o2 . (2ag (A o2+1+o)-zs)gm)q-sag"-aazg2+(z(/<:2+1-a)A-2n)g+zu

- (2Ag3+(3o- o +1)A¢-a)Q

\

2(0241) (€% + 6%)Q% = (2ot 3+((3o-yasl)aA-2/n2+18) €al+1+2(a%41))Q
+ 8‘F2+1A5_3-4,F 2+1(Jaz+l+o)Ag+4(52+1)
- (2Aa§3+(o( 2+1+o)-2)Ag4oz+3)_Q-8 02+1Ae3 '
« 4 F +1(£2+140)A§+4(02+1)
250" - (%) § @ - —ZQL -+ —2—) A9
, ,/o +1 ,/oz+1‘ . )
2%41)7,Q% = (2(a- 423 463, (a(flilia)-3(241)- 2B,
) ) o +1 - 7 ) a +1

+ taZit)q - o 412883+ (faZsLaa)AL) +h(a2s1)

3
- (2(0‘F2+1-3a2-1) AL (2034\/02+1(202+3)) —‘z‘f-—

A A

+ 4(oz+1) )Q-4,F2+1(2A§3+( /oz+1-no)Ag)+4(oz+1)
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APPERDIX II - I (a), J_(a)

Let I (O) s? i"‘l‘
n*’ le P¥

o 2
du

Let J (@) =) &
n le P"

where P(u,a) = 1 + (uz+m)2

' 2
%E: =P = 4u‘u +a)

Integrate by parts

Y 1
I =nf 2_p' dqu
-0

n Pn+1
« 2,2
= 4n f M du
e l=,n+1
uz(uz-';d) = P-auz- 1-a2
Therefore
e (Lad)1
tn - n o+l n+l
or

1 2
(1- 2&?) I'n = °‘_In+1+ fl-m ??n+1
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. Finally
3 =27 w P'd
n=3/ gk
- P
| = -4-?- 7 ua u2+° du
u4 =P~ Zauz-az- 1
Therefore
3J [ 2, 2
o _ _ g2 Cfn2 - u (u 4o
T = Jptol - @™+1)J o@ +DI ;- 20 {‘ _P‘n_.,.'r),' du
| Since
© 2,2 1
u (u 4o n
I —Pﬁm-)' du = 70
and
2 1
(l4a )In+l -@- ‘m)ln - aJn-i-l
therefore
3 aIn
Q-7 =Jn1 * T

‘ For recursion purposes
cnIn 3
Jnel = " Zn * - M,

I

. L -
n+l © Lia? (- o’ In °Jn+1)
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n = 1 Determination

P = (u-2z)(u-z)(ut+z) (u+z)
Where z and -z are in the upper half plane, and zz = ~a+l

@® —-—
-

Thexrefore J

1 1
i.e. Jl - \/02+1 11
M d
I, =/ L
-® (uZ_ZZ)(uZ_;Q)
I, =2l ( 1 1

Since :zz ~z =21
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APPENDIX III - Steady State Integrals

4 2(k-1)
Let L, (@) = [~ % ;}"

2

where P = P(x,a) is defined in Appendix II.

We wish to evaluat:e.Ll and L2'

Using Appendix II and suppressing the argument g in Lk, 1
Ll = JZ + QIZ
o (31
=J, + —_— - aJ,)
2 1+a§ 4 2
) J2 N 30.11
1402 4(l4a”)
) -aIl . Jl _ 3011
2, N 2

4(l+a”) 4(l+a”)  4(1l4a”)

- 20 + \/oz-i-l

1
4(1+02) 1
- _a+=2)
4’y - T
I,
Ly =%
- 7B
4 1«:2
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APPENDIX IV - Condition (4) Integrals

Let P(€,a) be defined as in appendix II.

1
Let Mc,m - {w;— cos (—) dﬁ

(-1 2
- z 2n)! (29) ; f "7_5_

-~ P

© 1"
(2n)! 2n4m

Let

2n

=°°—-H-L—L-('1n 2)
2n)! 2n4m

(o]

Let

L | 20
Ms,m = {w '—a sin ("P—) dﬁ

2n+1

-1)"
22n+15! I2n+1+m

o 2
Y ﬁasin (-—-) de

omMm3

Let

2n+l
© (-1)"(20 ,
- E 20+1) T J2n+l4m
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Similarly

2
fwg;-i—q cos -Z—I?-dg
-0

s (-1 2n
Z o)1 (20) " (I 42701 50,2)

2n+l
= (-1)7(20
Z = (Zn+1)! U ons3t0I2n43)

o 22722
f 5_5.5.2.*.9)- cos %z— de
-0 P

2n w 2 2“
2n): _{,,’ P n+2 d¢
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,// _

- o . 70,

2
Since P = (52) + Zo(gz) + a2+ 1
.2+
da(e”™)
ad;(;}fcou%) --écon%a-%un-zg
P

Therefore

2
* 1 L4 +0 Q 20 20
e ~ZM, 2t {w.Lj—)'P ‘5 sin 3° - cos T°) d¢

-3 M, o + 4o [aN, ,+aM, ) -(Nc’3+auc.3)]

2n

1> (-1)"°
-=3 % I
2 5 n)! 2n+2
2n+2
1 Se -1 n zn . 2!!-0-2
+ ba(y : 'L-Léﬁ%)"— (2045"12045) * Tnv2
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APPENDIX V - Force and Mement Terms

Part 1.
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(See Appendix II)
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